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Abstract

The normalization condition for the relativistic three nucleon Bethe-
Salpeter and Gross bound state vertex functions is derived, for the first time,
directly from the three body wave equations. It is also shown that the rel-
ativistic normalization condition for the two body Gross bound state vertex
function is identical to the requirement that the bound state charge be con-
served, proving that charge is automatically conserved by this equation.
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I. INTRODUCTION

The use of vertex functions derived from the covariant Bethe-Salpeter (BS) equation [1,2]
or the covariant spectator (or Gross) equation [3,4] to calculate matrix elements involving
bound states requires that the normalization of these vertex functions be determined. Al-
though this may seem like a trivial problem, the complicated forms of these equations, along
with the generally nonlocal nature of their interaction kernels makes it more than trivial.
In fact we know of only one derivation of the normalization condition for the three-body BS
bound state vertex functions [5], and this derivation does not seem to show that the normal-
ization condition follows simply from application of the wave equation to the description of
scattering in the region of the bound state, and does not obtain the normalization condition
for the Faddeev subvertex functions. The three body spectator equations have only recently
been derived in their final form [6] and this paper includes the first derivation of the nor-
malization condition of the three body spectator vertex functions. Normalization conditions
for the two-body BS and Gross equations have been previously obtained by many people
(see, e.g., [7-9]), but this paper includes a first demonstration that charge is automatically
conserved by the spectator equations.

Following this introductory discussion the paper begins, in Sec. II, with a derivation of
the normalization condition for both the two-body BS and Gross vertex functions. These
results, which are not new, are presented in order to introduce the techniques which will
be used later in the derivation of the three-body conditions. At the conclusion of this
section we prove, for the first time, that the normalization of the two-body Gross vertex
function is identical to the requirement that the charge of the bound state, as defined by the
charge operator introduced by Gross and Riska [10], is equal to the sum of the charges of
its constituents. This shows that charge is automatically conserved by the spectator theory.

The third section contains the new derivations of the normalization conditions for the
three-body Bethe-Salpeter and Gross vertex functions [4], which closely follow the approach
used in the two-body case. A discussion of the Feynman rules used in this paper and the
conventions used in symmetrizing the scattering matrices is presented in the Appendix.

II. NORMALIZATION OF RELATIVISTIC TWO-BODY VERTEX FUNCTIONS

The derivations of the normalization condition for two and three-body vertex functions
are very similar. In this section we start with the simpler two-body case, and then generalize
the derivation to the three body case in Sec. III.

A. Normalization of the BS two-body vertex function

The two-body Bethe-Salpeter equation for the scattering matrix M is represented by
the Feynman diagrams in Fig. 1. Using the Feynman rules described in the Appendix, this
corresponds to

M=V - VGpsM (2.1)
=V - MGpsV,



M = \Y + \Y% M
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FIG. 1. Diagrammatic representation of the two-body BS equation for the scattering matrix.

where V is the two-body interaction kernel and Gpggs is the free two-body propagator. In
terms of the one body propagator G; defined in Eq. (2.30) below, the BS propagator is

GBS = — G1G2 . (23)
From Eq. (2.2) we have
V =M+ MGgsV, (24)

and substituting this equation into Eq. (2.1) gives the following nonlinear equation for M

M=V - MGpsM — MGpsVGpsM. (2.5)

If the two-body system has a bound state at P? = M? where P is the total four-

momentum, the scattering amplitude M will have a pole at P? = M?. Therefore, the
two-body scattering amplitude can be written
) (T

M= —W + R, (26)

where |I') is the Bethe-Salpeter vertex function and (I'| is the representation of |I') in the
dual space, including Dirac conjugation. The first term is the contribution from the bound
state propagator, with possible spin degrees of freedom associated with the propagation of
the bound state suppressed, and R is a finite at P2 = M?. Substituting this form (2.6) into
the linear form (2.1) of the equation for M, and equating residues at P? = M? gives the
wave equation for the vertex function |I')

|T) = —VGgsil). 2.9

Substituting (2.6) into the nonlinear form of the scattering equation (2.5), and keeping
all terms which are singular near the bound state pole at P? = M?, gives the following
relation

= s, finy [ e B
—RGps(1+VGgs) DY —|D)(T|(1+GBsV)GrsR} . (2.8)

Near the bound state pole at P2 = M? the BS equation (2.7) ensures that the last two terms
involving the remainder R vanish. Therefore, as P? — M?, Eq. (2.8) reduces to
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1= Lim <F| Ggs (1 + VGBs) |F>
P2y M2 M? — P2 ’

(2.9)
Since both the numerator and the denominator vanish in this limit, we expand the numerator
around P? = M?, giving

oG d
a}is ) — (I P (GpsVGgs)|T). (2.10)

1= —(T|

(The BS equation ensures that any terms proportional to d|I'y/9P?* will also vanish.) Dis-
tributing the derivative in the second term over the product (GssV G s and using the bound-
state BS equation (2.7) reduces the normalization condition to

1 =(T| Ggg |T") = (T GpsV'Gps |I'). (2.11)
where
I 7
=% P 0Ges oy ov._ I oV (2.12)
oP? 2P2 QpP# oP? 2P?2QpP+

and all derivatives are taken at the bound state pole Py = E(ﬁ) = (P?+ M?)'/2,
For identical particles, the symmetrized scattering matrix, which we will denote by M,
must satisfy

P1aM = MPrz = (M (2.13)

where P;, is the permutation operator that exchanges all labels for particles 1 and 2, and
¢ = 1 for bosons and { = —1 for fermions. This can be achieved by symmetrizing the
unsymmetrized scattering matrix M according to

M = A M= AMA,, (2.14)
where

Az = 5 (1+(Pr2) (2.15)

DN | —

is the symmetrization operator and the last relation follows from A;M = MA,; and Aj =
Aj,. Using the Bethe-Salpeter equation for the scattering matrix yields

M= AQM = A2 (V - VGBsM)
= .sz - .A2VGBs.AQM
= ./42‘/ - AzVGBsM (216)

where the identities A,V = A,V A, and A;Gps = GpsAz have been used in rewriting the
expression. Defining the symmetrized kernel illustrated diagrammatically in Fig. 2

V=V = (14(Pa)V, (2.17)

DO | =



<
Il

FIG. 2. Diagrammatic representation of the symmetrized kernel.

N =

gives a Bethe-Salpeter equation for the symmetrized scattering matrix with the same form
as the Bethe-Salpeter equation for nonidentical particles

M=V -VGpsM. (2.18)

Since the structure of this equation is the same as in the case of identical particles, the
derivation of the bound state equation and the normalization condition is the same as before
with replacement of V — V

1 = {I'| G5 IT) — T| GpsV Gps [T , (2.19)
where
IT)s = Aq|) (2.20)

is the symmetrized vertex function.

Note that the symmetrized scattering matrix defined above is normalized differently from
the symmetrized scattering matrices presented in most field theory texts, as described in
the Appendix.

B. Normalization of the Gross two-body vertex functions

The Gross or spectator equation for distinguishable particles can be obtained from the
corresponding Bethe-Salpeter equation by means of a simple prescription. For unequal mass
particles with relatively long-range interactions, the heavier of the two particles is placed on
its positive-energy mass shell in performing the energy loop integral over intermediate state
four-momenta. Here, the heavier particle is assumed to particle 1. The scattering matrix
then becomes

M=V —VQ,GM (2.21)

where the projection operator Q; = Q? places particle 7 on its positive-energy mass shell.
Equation (2.21) does not represent a closed set of solvable equations. In order to obtain
these it is necessary to also place particle 1 on shell in both the initial and final states leading
to

M = Vi — ViuGa My (2.22)
where V;; = Q,VQ; and M;; = Q;MQ;. This is illustrated in Fig. 3.
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M = A% + \Y% M
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FIG. 3. Diagrammatic representation of the two-body Gross equation for the scattering matrix.
The X on the line for particle 1 indicates that it is on shell.

The situation for identical particles is somewhat more complicated than for the Bethe-
Salpeter equation. Since P12G2P12 = Gy and P1,Q1 P12 = Qo, the scattering matrix can no
longer be symmetrized by simply symmetrizing the final state. The solution to this problem
is to use a symmetric version of the spectator equation

M =V—%V(Q1G2+Q2G1)M (2.23)

where the factor of % is necessary to prevent double counting of the elastic unitary cut of the
scattering matrix. The factor of % emerges automatically if we think of obtaining Eq. (2.23)
from the BS equation by doing the integration over the relative energy variable by averaging
the results obtained from closing the contour in the upper half and lower half planes (and
keeping the positive energy nucleon poles only). Eq. (2.23) can now be symmetrized in the
same way as the Bethe-Salpeter equation, giving

V —

M V(Qle + QZGI)M

[
<

V(Qle + P12Q1G2Pra) M

N | = DN —

— 1—
=V - §VQ1G2 (14 (Pig) M
=V-VQG:M. (2.24)

Clearly, @;G5 could be eliminated in favor of QG in exactly the same manner. Therefore,
the M-matrix is independent of the choice of on-shell particle, and the resulting integral
equation for the scattering matrix for (2.24) can be taken to be

Mll = Vll - V11G2M11 ) (225)

X

v| =4

+

FIG. 4. Diagrammatic representation of the symmetrized kernel for Gross equation. As in
Fig. 3, the x indicates that the particle is on shell.



FIG. 5. Diagrammatic representation of the normalization condition for the two-body Gross
vertex function. The dashed line represents the derivative /0P2%, and the X means that the
particle is on shell.

where the symmetrized potential is shown in Fig. 4.
As for the Bethe-Salpeter equation, the existence of a bound state implies a pole in the
scattering matrix,

[I'1) (I

Mllz_M2_P2

+R, (2.26)
where |T';) is the bound state vertex function with particle 1 on shell. Repeating the devel-
opment used in the preceding section gives the Gross equation for |I'y)

|F1> == —V11G2|F1> . (227)

We will choose the momentum of the on-shell particle and the total momentum P as in-
dependent variables so that @/0P, refers to differentiation with respect to P, holding the
momentum of the on-shell particle constant. Hence the on-shell projection operators Q will
be independent of P,, and the normalization condition becomes:

1= (D1 Gy |TL) — (T G2 Vi Go |Ty) (2.28)

This equation is represented diagrammatically in Fig. 5. Note that this result could also
be obtained by applying the spectator prescription directly to the unsymmetrized version
of the Bethe-Salpeter normalization condition (2.19). Clearly, a similar expression can be

derived for I';.

C. Conservation of electromagnetic charge for the Gross equation

Since we have obtained the normalization condition (2.28) directly from the two-body
equation, with no reference to the charge of the bound state, we now are in a position to
prove that the charge of the bound state is conserved; ie. that the charge of the bound state
is the sum of the charges of its two constituents, regardless of its structure.

The construction of the matrix elements for the two-body current for the Gross equation
have been discussed by Gross and Riska [10] and applied to elastic electron scattering from
deuteron in [9]. As argued in [9], the bound state matrix elements of the electromagnetic
current in the simple case when the OBE kernel is constructed from the the exchange of
neutral bosons is represented by the Feynman diagrams shown in Fig. 6. Notice that since
in our spectator formulation only the first particle is being placed on-shell, the first diagram



FIG. 6. Diagrams which contribute to the electromagnetic charge of the two body bound state.

in Fig. 6 with 1 <> 2 does not appear. Here we show explicitly that the last two diagrams
in Fig. 6 give a contribution in the limit ¢ — 0 equal to that of the first diagram as well as
the derivative term of the potential as it appears in the normalization condition (2.28).

Our argument will require that we replace the operator form of the Gross equation (2.27)
by its explicit representation in momentum space. We will use the notation

1 for bosons
N = { 2m for fermions (2.:29)
and
1
1 for bosons ——— for bosons
AD AR — . . _ m; — p* — 1€
Q(p) > Mi(p) =4 PHmi o o . Gilp)= 1 _
Im; for fermions,

m;— p— 1€

(2.30)

where A; is what remains of the projection operator Q; after the integral over the relative
energy has been carried out and the delta function which places particle 1 on shell has
been removed, and p denotes an on-shell four-momentum with p? = m?. The equation then
becomes

(s P) = = [ oot T V(5 s PYA(h)GalP — ) P). (231)
’ (27!‘)3 2Ek1 ’ ) )

Note that the vertex functions are written as a function of the four-momentum of particle
1, p1, and the total four-momentum, P. Multiplying both sides of the equation by the
projection operator A;(p;) and using Aj(k;1) = Ai(k1) gives

) Py N — . .
Fl(pl,P) = —/mvll(pl,k‘l,P)Gg(P — kl)Fl(kl,P), (232)

where A1 (p)V (1, ki; P)Au(ky) = Via(p, ki; P) and Ti(pi; P) = Ay(p0)T (s P).
Using the Feynman rules, and the notation used in Eq. (2.31) and (2.32), the diagrams
in Fig. 6 yield



PN — . o ) A ) .
J“(P/,P) = /mTf;gﬁ—Fl(Pl;P)G2(P'—P1)]5(P/—Plap—P1)G2(P—p1)F1(P1;P)
P1

Epy N — . o . . .
+/ Iz)al T(p1 + ¢ P)G1(pr + 9)J1 (Pr + ¢, P1)Ga( P — p1) I'1(p1; P)
(2m)32E,,

d3pl N - ; ’
+/_——(2”)312EP;F W(By; P 34(P,, BY — Q)G1(Py — q)G2(P' — p) T(py — ¢; P), (2.33)

where j#(p’,p) is the renormalized e.m. current of i-th constituent particle. When taken
between the on-shell states for p’ = p, this current defines a physical charge ¢;. The one-body
currents satisfy the one-body Ward-Takahashi identity

Gt (Pl ps) = —e: (G7H(P) = G (p) = —era ;’ G (p), (2.34)

where (3 is a full one-particle propagator and the last form of the identity holds near the
point g, — 0. Comparing the terms linear in g, we get from (2.34)

: 0 ~_
3t (p,p) = —€i a—Gi '(p). (2.35)
m
Any purely transverse parts jr.(p’,p) of the off-shell one-body current, which satisfy
T,
quJ7.:(p',p) = 0 and cannot be determined from (2.34), are assumed to vanish in the limit
g — 0. Therefore, they do not affect the charge e;. Next, note the identity

267 0) G e g-Gil). (230)

Gi(p) 7 (p.p) Gi(p) = —e: Gi(p) (

Thus, under the assumptions discussed above the insertion of the ¢ = 0 photon into the line
of the constituent particle is unambigously determined by its physical charge and derivative
of its propagator. In this paper we always approximate G by (2.30) with a physical mass
m;; our arguments are however valid also for the generalized Gi(p) = h*(p?)/(mi— P) used
in a dynamical model of Ref. [8].

Now, the charge of the bound system is found by taking the limit of (2.33) ¢ — 0, or
P’ — P, since contributions from any higher multipoles, such as magnetic dipole or charge
quadrupole must vanish for ¢ = 0. In the limit considered the propagators for particle 1 in
the last two terms, G;(p; + ¢) and G1(p} — q), become singular. However, it is easy to see
that these singularities cancel to give a finite result.

Before we proceed with the evaluation of the ¢ — 0 limit of Eq. (2.33), it is instructive to
describe this cancellation of singularities in very general terms. To this end we note that the
last two terms of Eq. (2.33) can be identically represented by the four dimensional integral

T(p1 + ¢; P)Gr(py + @)it (p1 + ¢, p1)
XG1(p1)Ga(P — p1) U(p1; P), (2.37)

4
T*(P'yP)|uas > = —i/ d

D
terms (&) (27‘(‘)4

where the integration over pyo is done along the contour C' in the complex p;o plane, shown
in Fig. 7. This contour surrounds the positive energy poles of the propagators Gy (p1 +¢q) (at
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FIG. 7. Location in the pjo complex plane of the 6 poles from the three nucleon propagators
in Eq. (2.34). The last two terms in Eq. (2.33) emerge if the integral of p;o over the contour
enclosing the poles 3a and la is evaluated using the residue theorem.

3a) and G1(p1) (at la), and evaluating the integral by the residue theorem gives only the
last two terms in Eq. (2.33), where for notational simplicity in the third term the integral
over d®p, is replaced by the integral over d®p} (where p| = p; + q). It has been shown [11]
that for elastic reactions the cuts of ['(p;; P) never overlap with poles 3a and la of Fig. 7,
this makes the representation (2.37) possible and unambiguous for all values of momentum
transfer ¢. It is now clear that as ¢ — 0 the poles at 3a and la coalesce into a double pole,
giving a finite result. Calculation of the residue of the double pole requires a calculation of
the derivative of the rest of the integrand, which also explains the appearance of derivatives
in the final result below.

We now return to the reduction of Eq. (2.33). Substituting (2.36) into the first term of
Eq. (2.33) gives

J*(P,P)

EBpy N
first = €2 /@T)]);“Q‘E;Fl(ﬁﬁpl) E%Gz(P —p1) Ti(p1; P, (2.38)
where 8/0(P — p;),, was replaced by 9/0P,, which is possible only because p, is an on-shell
four-momentum, so that all four of its components are independent of P. We will return to
this expression after we have reduced the last two terms.

The last two (singular) terms in Eq. (2.33) can be reduced by expressing the vertex
function with both particles off-shell in terms of the vertex function with particle 1 on-shell
by using the equation

BN - . A
F(Pl',P) = —/MV(Pl,kl‘, P)G2(P - kl)fl(kl; P)a (2-39)

where the kernel V(pl,lzcl; P) now connects an incoming channel with particle 1 on-shell
to an outgoing channel with both particles off-shell and is obtained from V(ﬁl,fcl; P) by
replacing the four momentum p; = (E,,p) by the off-shell four-momentum (Fo — Ep_,, p).
[Eq. (2.39) is obtained from the original Eq. (2.21) by going to the bound state pole in the
usual way.] Using this equation to iterate each of the off-shell vertex functions once yields

By, N By N — . o n et
TP Plesz = [ Goywagy | Gy, O PP = R)ials P P)
f 21 P1

xGo(P — p1) Ti(pr; P) (2.40)
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where

Al oo e d°ky N [+
sl P, P) = [ s M) [T b+ 05 PGl +9)

x Gt (ky + ¢, k1) A1 (k1) Go(P = k) )V (kv pr; P) +

k1)
V(p,, kv; PYGo(P' — k) As(ky) Jf(fcl% —q)
Ar(p

XGl(kl - q) kl - 4q, pl; (241)

L—-——J

Using the WT identity (2.34) for finite g, and recalling that Gl_l(lAcl)Al(/Acl) = 0, gives for
the divergence of the effective current

o . X d®k, N
Qulea(Pr, P's P1, P) = _elAl(pll)/ (2m)3 2Ey,

<[V + s PGP — R ()T s P)

—V (1, ks YA (k1) Ga(P' = k) V(ky — g, B P)]Al(ﬁl)- (2.42)

Note that this step removes the propagators Gl(kl + ¢q) and Gl(lztl — q) which are singular
in the ¢ — 0 limit. The purely transverse contributions to the effective current (2.41) arise
only from the transverse parts of the one-body current and so, by assumption, vanish as
g — 0. Therefore, we can use the divergence of the effective current to extract its finite part
for P’ = P. As before we expand (2.42) about the point ¢ = 0 and equate terms linear in
g, to obtain

e . &Pk N .
]gﬁ(PllaP;P1>P) = —61/(271_—)32E—MA1(PI1)

J . S T
8 [(Wv(m,kl, P)) Gao(P — k)M (k1) V (k1 r; P)
1p

a 7 T5/7 A
8P 5 G2 (P kl)) Al(kl)v(klapl;P)

_ . . 0
+V (B, ks )Gz(P—k‘l)Al(’fl)(aiC

_V(pl’kla P) (

Vu(iﬁ,ﬁl; P))] Ai(pr).  (243)

1g

Substituting this into Eq. (2.40), and using A2 = A; and the spectator equation (2.32) for |
the bound state gives

Epy N — . 0 . .
j“(P, P)|last2 = 61/(-2);TPIF1(P1;P) (BPM (P"pl)) Fl(p1§P)

&’pid’pr N? = 0 —
P—-9 YR
+61// J64E ’Em —————— T (py; P)Ga P1) (8ﬁ1HV(p1,p1, P)

y V(ﬁllaf’l;P)) Go(P — p)T1(p1; P) ) (2.44)

1p

_|_
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Note that the first term is identical to Eq. (2.38) if e; — e3. To reduce the last two terms
use the fact that the symmetrized one boson exchange (OBE) potential has the form

[Va(pr — 1) + Vel + 85— P)] . (2.45)

| —

V(i p1; P) = 5 (1 + CPr2) V(py, pr; P) =

N | =

where V; is the direct term and V, the ezchange term as defined in Ref. [8]. Therefore only
the derivatives of the exchange term contribute to the charge operator, and

0 0 \ — 1 0 0
— + -5 V(py,p1; P)==C|l 74— + 55 Vo(py +py — P
(8271” ap1u> (pl f41 ) 2C (aplu aplu) (pl Y41 )
~ Al a T7/ Al A
Vi + 9, — P) = —2—=-V(p,,p; P),  (2.46)
dP,

d
- _CaPu

where we again used the fact that p; and p} are both independent of P. Combining all of
these results together gives our final result for the charge operator of the bound state

Epy N < . 0Go(p1; P R
PP = (er +ex) [ BTl P) BN s P
pP1 n
&epd®p N* =, N OV 11 (P}, p1; P) A A
-2 [ [ v Th Dk PG (7t P) g 5 Galis P (i P)
— eg2P*. (2.47)

where we used A2 = Ay and Ay(p}) [OV(H, pr; PY/ 0P Mi(pr) = IVn(p), p; PY/OFP,. In
the last step we also assumed, for definiteness, that the bound state has spin zero and total
charge eg. Multiplying the equation by P, and using the identity

a0\ ., (90
P, (8—P;) = 2P (W) : (2.48)

gives the relation

d3p1 N
(2m)3 2L,
Epyd’p N? - 1%

— 2e; //mrl(ﬂﬁp)G2(ﬁ,{;P)V/u(ﬁ,laﬁl;P)GZ(fal;P)Fl(ﬁl;P) - (2-49)

ep = (e1+e2) T1(p1; P)Gy(p1; P)T1(ps; P)

We now distinguish two cases. If the two particles are not identical, the OBE kernel does
not include an exchange term and the V', term vanishes [recall Eq. (2.46)]. In this case the
normalization condition gives eg = € + €. If the particles are identical, the Vln term will
not vanish, but the charges will be equal, so e; + €2 = 2¢; = ep and we obtain the same
result. For either identical or distinguishable particles, the normalization condition ensures
the conservation of charge.

This proof can be generalized to kernels which include multiple meson exchange. In this
case the additional energy dependence contained in the kernel will lead to new contributions
to the V' term in the normalization condition, but these new terms will be reproduced

12



exactly by the ¢ — 0 limit of additional Feynman diagrams containing interaction currents
also required by the multiple meson exchange kernel, and the charge will still be conserved.

The charge conservation and its relation to the normalization condition can be conve-
niently discussed in terms of N-particle Ward-Takahashi identities [12]. We will present
these identities together with the general e.m. currents for two- and three-body systems for
the spectator formalism in a forthcoming paper [13].

III. NORMALIZATION OF RELATIVISTIC THREE-BODY VERTEX
FUNCTIONS

In this final section we find the normalization condition for relativistic three-body vertex
functions. The derivation for the three-body Bethe-Salpeter equation is formally identical
to that given above for the two-body case. We briefly repeat it just to set a stage for
discussion of more complicated spectator case. In particular, we discuss in some detail
the symmetrization necessary for the identical particles and at the end we express our
normalization condition in terms of the symmetrized Faddeev subamplitudes.

A. Normalization of three-body Bethe-Salpeter vertex functions
1. Distinguishable Particles

The three-body Bethe-Salpeter equation for distinguishable particles can be written

T =V -VGysT (3.1)
=V - TG%sV, (3.2)

where G%¢ = —G1G2G5 is the three body BS propagator, and

V=iY ViGi =3V (3.3)

is the sum of all products of two body potentials V' multiplied by the inverse of the prop-
agator —i(3; of the third, non-interacting spectator, and we are assuming that there are
no relativistic three body forces (ie. diagrams which are three-body irreducible). In these
equations and those which follow we have adopted the odd-man-out or spectator notation.
If i, 7 and k represent some permutation of 1, 2 and 3, the two-body potential V* represents
the interaction of particles j and k.

These equations look deceptively simple, but the singularities in V make them difficult to
solve, and they are usually reduced to Faddeev form by introducing the subamplitudes T
in which particle ¢ is the initial spectator and particle ¢ the final spectator. Since these ob-
jects represent components of a summed Feynman perturbation expansion of the scattering
problem, the terms “initial” and “final” refer to the topological form of the corresponding
Feynman diagrams, not to temporal priority. Dropping the convention of summation over
repeated indices, so that all sums will be written explicitly, the initial equations for these
subamplitudes follow immediately from (3.1) and (3.2):

13



T =16 VIGT = ViGss ST (3.4)
£

=6 VIGT = S TGV, (3.5)
¢
where the singularities have been canceled using i G 'G%g = —i GGy = Gs. Note that
ViGYs = ViGhs. (3.6)

We will adopt the convention that the index ¢ can take on any value, and that ¢/, j’, and
k' are all different indices describing initial state particles (just as ¢, j, and k describe final
state particles). Note that

T=37T" (3.7)

e’

and that Eq. (3.1) follows by summing (3.4) over ¢ and ¢/, and that Eq. (3.2) follows by
summing (3.5) over ¢ and i’. Convergence of these equations can be further improved by
moving the 7% from the rhs to the lhs and introducing the two-body scattering amplitude

M = (14 ViGys) Vi=Vi (14+Vigs) ™ . (3.8)

This gives the famous Faddeev equations for the subamplitudes

T =i 6 MGTY — MG ST (3.9)
241
=i 6 MIGTT = 3 TG M. (3.10)
0£i!

The Feynman diagrams representing Eq. (3.9) are shown in Fig. 8. In these figures the solid
dot denotes the spectator.

Since the logic behind the resummation of the multiple scattering series in terms of
Faddeev amplitudes is the same as in the nonrelativistic three-body problem, it is not sur-
prising that the equations have a form similar to the nonrelativistic Faddeev equations [14].
It is important to remember, however, that in this case the summation is done in terms of
Feynman perturbative expansion rather than the time-ordered perturbation theory of the
nonrelativistic case. As a result global three-body propagators are replaced by products of
one-body Feynman propagators and an inverse propagator must be included in the driving
term to ensure that no propagator appears for external legs of the three-body T matrix.
Similarly, due to similarities in the underlying logic, many of the expressions derived below
have nonrelativistic analogues of similar form. The connection between the relativistic for-
mulation of the three-body problem and the usual nonrelativistic approach will be explored
elsewhere in detail.

A bound state of the three-body system is associated with the occurrence of a pole at
P? = M? in the three-body scattering amplitude 7 (and in each of the subamplitudes T4,
where P is the total momentum of the three-body system and M is the mass of the bound
state, Therefore, T and 7% can be written as the sum of a pole term and a regular part R¥
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FIG. 8. Diagrammatic representation of the Faddeev equations for the amplitudes T, Note
that the spectator is identified by the solid dot.

oy |[‘1> <Fil| 21!
T = —W + R (3.11)
|T') (T Y R
T = _ME_—P2— + - R ’ (3.12)

where [I) = ¥, |I'*). Inserting the ansatz (3.11) into the scattering equations and taking
the limit P? — M? gives the equation for the bound state vertex subamplitudes

IT) = —M'Ggs > T . (3.13)
i
Similarly, using either Eq. (3.8) or starting with the equations for 7', we obtain

Ty = =3 VI GyslT) = —VGgsIT). (3.14)
£

The derivation of the three-body normalization condition is most easily obtained from
the ansatz (3.12) and the original equations (3.1) and (3.2). Repeating the steps which lead
to Eq. (2.11) we obtain for the three-body vertex function the normalization condition of
exactly the same form

G} oy 0
S22 D) = (D1Gs 5755 OsID) = ~(TIG%s 557 (VGEs) D). (315)

The two forms of the normalization condition (3.15) are identical because of the bound state

Eq. (3.14).

1= (T

2. Identical particles

The equations and normalization condition for identical particles can be obtained im-
mediately by symmetrizing the results given above. However, to lay the foundation for the
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discussion of the spectator equations it is convenient to describe this symmetrization in
detail. Most of the operator algebra below is exactly the same as in non-relativistic case.
The normalized three-body antisymmetrization operator is

1
Az = 30 (14 (Pi2+ P13+ (Pas + Ps+ Ps)

= % (14 ¢Pi) (1 + CPik + CPi)
= %(1+C'Pz‘k+Cij)(1+CPij) ; (3.16)

where

Py = P13P12 = P23Pi13 = P12Pas
Ps = P23P12 = P12P13 = P13Pas . (3.17)

Note that Az = A34; = A3 A3 where we may choose to have the two body symmetrization
operator Aj; act on any of the three two-body subspaces. We will exploit this property in
the following discussion.

Using the relations P;V'P;x = V* and P;;VP;; = V7 (which also hold for G;) we can
readily show that the symmetrization operator A; commutes with the total potential (3.3).
The symmetrized version of Eq. (3.1) is then obtained by multiplying the equation by A,
which gives

T = .A3T = A3V - AgVG%ST
= A3V — AVGL AT
=V -VGyT, (3.18)

where
V=MV =43V
V' =iV'G. (3.19)

A similar argument works for the transposed equation (3.2), and hence the symmetrized
amplitude T satisfies the equations satisfied by 7 with V replaced by V. Note that we have
written the kernel (3.19) in terms of the symmetrized two-body kernels (2.17), and that Vv

can also be written in terms of a single V"
V=SV = A PV Pi = AV' S (P (3.20)
¢ ¢ ¢

As before, ¢ can be any index, and consistency requires the definition P; = ¢, so that
(P;; = 1. The last step in (3.20) follows from Pjivlpij =V’ and A3Py = (As. The

symmetric version of Eq. (3.6)
VG =V Gy, (3.21)
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will be useful in the following discussion.
The symmetrized bound state vertex function |I'), = As|') = As Y, |I") satisfies the
equations

T}, = —VGYs|T) = —3A45V Gy,
T = —{T|G%sV = =3 {[|GisV ' As, (3.22)

where we used

Pij|r>s = C‘lr>s
Y (Pull) = 3IT),. (3.23)
£

The normalization condition for this vertex function follows readily from the previous deriva-
tion
0G%s ov oo 0 (=
S 10— AT1GYs 255 GhslDh = —4T1G%s 557 (V Gis
Note that this equation has a structure identical to all of the previous results.

To make a better comparison with the spectator equations, it is convenient to obtain

the BS equations and normalization condition for the symmetrized subamplitudes. First
introduce the operator

1= (I JID. (3.24)

1

37 P (14 (Pins) - (3.25)

1
A = 31 (14 ¢Pjx) CPir =

The two forms of A;i are identical regardless of the specific values of ¢ and 7. If i = ¢/, then

Pir = ¢ and Pj; = P because both sets of indices {ijk} and {¢'j'k'} must assume the
values 1, 2, and 3. If ¢ # ¢/, then i’ must equal either j or k. For definiteness assume ¢’ = j.
Then we may use the 1dent1ty

PikPij = PijPix (3.26)

to prove the equivalence. An identical argument works if i = k. These identities will be
used frequently in the discussion which follows. Note that

Z‘A“' = A3 = Z‘A“" . (3.27)

Now we define the symmetrized subamplitudes 7% and |I),

T =3 A T Api (3.28)

(44

=3 A 1Y) (3.29)
¢

Using (3.27) gives the relations
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ST = A3 T A (3.30)

174

ST =AY T Ay = AT As =T (3.31)
ey 174

ST = A3 YD) = As|l) = |T) . (3.32)
t £

From the definitions it follows immediately that

PuT® = (T = TP (3.33)
P () = I (3.34)

It also follows from (3.25) that

PyT = (1%
Tii’Piljl — CTij’
Py [T) = ¢ 1Y) (3.35)

To prove these relations define, for some operators O, 0% 03, the operator O

O =3 Ay O (3.36)
14
Then
PO = épij (14 ¢Pix) XE: (PicO°
- % (1+ (Pa) Py (O + (P07 + (PuO)
_ % (14 (Pix) (PO + (O + (PuPiiOF)
ey (3.37)

In the last step we used (1 + (Pi) P = ¢ (1 + (Pi). The first of the relations (3.35)
follows immediately from (3.37), and the second by taking the hermitian conjugate.
Next, note that

AMVZ = A,-[Vf = ViAie, (3.38)
and

1 —
ST A e Vi Apy = 9 > PV “Peu
I ¢
1 | g,
= §V ZPM'PW = Cgv Piir (3.39)
¢

where in the last step we have used
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1 1
5(1 + (Pix) > PiePeor = 5(1 + (Pjr)3( P . (3.40)
7

Starting from Egs. (3.4) or (3.5), using the definition (3.28) and the properties (3.39), (3.38),
(3.30), and (3.27) gives the following equations for the symmetrized subamplitudes

g 1, —i y
T" = z(§V G;I’Pﬁ: -V Gy z:Te2 (3.41)
)4

]_ ——il . .y ___Z'I
= iggmv Gi' =D TGV . (3.42)

£

Summing Eq. (3.41) over i and i’ recovers Eq. (3.18), demonstrating consistency. Note that
Eq. (3.41) is equivalent to

.. 1—; — .
TV =4 §V Gt -V'Ggsd T (3.43)
{
T% = (TP, (3.44)

where (3.44) merely recovers the symmetry (3.35). Using this symmetry again, we may
reduce (3.43) to an equation for the single amplitude T

. 1y i g
T =i SV'GT =V Gs (14 (Py + (Pu) T
) —i .
=3 §V G;l -V Gys(14(Pi; + C'P]'k'Pij'P]'k) T
 — e i
zigV Gl —V Gy (1 +2(Py) T . (3.45)

Hence it is sufficient to solve one equation for i = i’, and obtain all other amplitudes from
(3.44). Using Eq. (2.18) for the symmetrized two-body scattering amplitude, the equation
for T* may be further reduced to

T 3M’G‘ — 20 MGl P, T (3.46)

Similarly, the equations for the symmetrized subvertex functions are

T = -V Gy (1 2P T = =V GiggIDh (3.47)
= 9 MIGL P |, . (3.48)

Using the definitions of the symmetric subvertex functions, the normalization condition
(3.24) can be further simplified. First note that

) O iy v’ 710G
P2 (VG ) A3aP2( GBS)ZZ:C,PM:AB{W a]ff}zgm (3.49)

To obtain this we used Egs. (3.20,3.21) and the fact that the exchange operators P;; are
independent of P2, so that dP;;/0P* = 0 for any exchange operator. Substituting this
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relation into (3.24) and using the bound state equation (3.47) and A3|l'), = |I') gives
immediately

8 Gig . oV

1= -3 {I"|G; 552 D) + 3 s(FlG’BSGiW s [T (3.50)

This condition can be expressed in terms of a single subvertex function, which we will
choose to be |I'),. Denoting the operator GigsG; (8 V'/0P?) Gigg by O}, and remembering
that this operator contains a factor of 1 + (Pj, the second term reduces to

(T (14 CPy + (Pi) Ok (1 + (Pij + (Pi) [T,
= (T (14 2¢P;;) O (14 2¢P;;) 1) (3.51)

40103 '),

where we used P;xP;;Pjr = Pir — P;; as the operators Pjy are eliminated using (3.34) and
P2 = 1. Similarly, since the operator Pj; commutes with O} = Gi(9 G'y5/0P?), the first

J
term becomes

{T¥ QLT = (T7|O% (1 + (Pij + (Pi) IT°),

= (O (1 +2(P;;) T°), . (3.52)

Combining these terms gives a normalization condition expressed in terms of |[I'),

. i 8 GzBS 7
L= =3i{l"| Gi— 08 (1+2<Pij)lf>s
av'

+3id | (1 +20Pyj) GpsGi 55z Gs (1+2(Py) 1), (3.53)

We are now ready to turn our discussion to the three-body spectator equation.

B. Normalization of the Three-body Gross Vertex Functions

The three-body spectator or Gross equation for identical particles is obtained from the
symmetrized three-body Bethe-Salpeter equation (3.46) by placing the spectator particle on
its positive energy mass shell [4,6]. In order to obtain a closed set of coupled equations a
second particle must be placed on its mass shell in the initial and final states, as illustrated
in Fig. 9. Therefore, we label those particles that are on-shell by replacing subamplitudes
T by T% — T]’;i = Q;Q,T"Q:Q;. Noting that P;;»Q;P;; = Qjr, and using Eqs. (3.33)
and (3.35) we have

PiTh = Pij QT QuQj = Q;Qu(T" QuQj = (T},

Palll = QuQ;PuT QuQjr = CTH
,PJkT;;i = QiQk,ijTii'Qi,Qj/ = CT[:;II R (354)

Similar relations exist for the initial state. Hence any amplitude can be obtained by

the action of the permutation operators on the canonical amplitude Tf;, and it is necessary
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T22: :% ﬂ + 2C
- S

FIG. 9. Diagrammatic representation of the Gross equation for the amplitude T3}. On-shell
particles are labeled with an x. The final state particles emerge from the left side of each diagram,
and putting the final state spectator on-shell consistently automatically forces a second particle in
the final state to be on-shell. In this way two particles are always on-shell.

only to find and solve the equation for this one amplitude. Note that we can choose 7 and
j arbitrarily as long as ¢ # 3. The subamplitudes T;;ﬁ cannot be added unless the same
pairs of particles are on shell in both the initial and final states. Therefore, there is no
total scattering amplitude such as (3.7) for the 3-body spectator equation. The underlying
physical justification for the use of the spectator equations is described in detail in Refs.
[4,6]. We will show how to use the subamplitudes T;;i in constructing the matrix elements
in a forthcoming paper [13].

The equations for T]']’i were first derived in [4] in terms of the two-body scattering matrices
M}, by analysis of ladder and crossed ladder exchanges. Formally they follow from the three-
body equation in the Bethe-Salpeter framework by appropriate restriction of the propagation
of the on-shell particles. Thug, equations for T;; can be obtained from Eq. (3.46) by replacing
the two-body propagator Ggg by G%, where G = (xQ;. The inverse propagator in the
inhomogeneous term, whose role was to cancel one of the spectator propagators when the
equations are iterated, must be replaced by unity, iG;' — 1, since the spectator is always
on shell. This gives the following equations for T]’;

1

T = 3M;j - 20 M};G%P;; T} (3.55)
1 3 1 1 1

where the two body scattering operator M]’] = Q; M'Q); satisfies
Mj; = Vj; = ViGiMj; (3.57)
M =V = MGV 55, (3.58)

Eq. (3.55) is illustrated diagrammatically in Fig. 9. In terms of the kernels V;j this equation
becomes

i _ g i i
T5 =3V = Vi G (L + 20Py) T (3.59)

i i it7i
=3V = T (L +20P5) G5V 55 - (3.60)
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Subvertex functions acquire an additional index to denote the second on-shell particle,
T — |T%) = Q;Q;|I"), and the symmetrized subvertex functions satisfy the following
equations

IT%) = —2¢ M};G5P;;|T;) (3.61)
= -V,,G (L +2(P;)|T). (3.62)

Derivation of the normalization condition proceeds as for the Bethe-Salpeter case, but for
clarity we will present the full derivation. Obtaining -\7;]- from Eq. (3.60), and substituting
this into Eq. (3.59) gives the following nonlinear equation for T]’;

i1
Tjj = gVJJ

where S;; = (1 4+ 2( P;;). The existence of the bound state implies that

i |Fi‘> (Fl| "
Ti= sz —pz T i

— BTEGLS, T — 3TiiS,;GLV L GLS, T (3.63)

17330

(3.64)

where, as before, R;’] is regular at the pole at P? = M?2. Requiring the coefficient of the
double pole on the rhs of this equation to be zero gives the bound state equation (3.62).
Equating the coefficients of the single pole terms gives an equation similar to (2.8):

i e 1T (14 8565 V5) GiSIT)
|Pj><[‘j|=3p2li)%2{lrj>l: J ( AJ42J__]JDJ2) ] J:I(F;l

=1

—RES;G (14 V5;G5S;5) 10 (T

— %) (T (1 + 8 G5 V;j) GiS;j RZ} , (3.65)

where we used the fact that S;; commutes with Q,-Gj-. The bound state equation ensures
that the terms involving RY; and any terms coming from the derivatives of the subvertex
functions |I') with respect to P? are zero. Since 8S;;/0P? is also zero, the condition (3.65)
reduces to

i 0G; i i a9 i/ i i

Distributing the derivative over the second term and using the bound state equation gives
our final result for the normalization condition for the subamplitude |I"%)

1=3 {(r;i| (1+ 2¢P;) (G;i)' ITE) — (T (1 4 2¢Py) G (ij)' G (1 + 2(Py) 1r;i>} . (3.67)

As in the two body case, this equation could have been obtained directly from Eq. (3.53).
It is interesting to compare our principal result (3.67) with the nonrelativistic normal-

ization condition. If |¥) = ¥, |¥") is the total three body wave function, and we choose to

express the normalization in terms of the ¢ = 1 component, the normalization condition is
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L= (W) = (T[(1 + Py + CPix) ") |
(') = 3| (1 + Py + CPa) [¢7)
3

WL+ 20Py) [97) = 3 (1 + 2(Pr2) [¥) - (3.68)

I

This is very similar to the normalization condition for the Gross vertex function,
Eq. (3.67). Adopting the convention that 7 = 1 and j = 2, using the fermion propaga-
tor given in Eq. (2.30), with ks = P — ky — kg, gives (in the rest system)

1

[GA(ks)] = Gh(ks) = Galho) 5z Gilho) = 50 Galks) 2° Galha). - (369

Neglecting the terms involving the derivative of the kernel in Eq. (3.67), decomposing the
propagator into positive and negative energy parts,

1 ) l u(ks, Ni(ks,)) (ks \)5(—ks,\)
2B, ) 5° | Bk, + Ex, + Ex, — Mg Ey, + Mp — By, — Ei, ’

Gs(ks) = ( (3.70)

keeping only the positive energy part and using u(ks, A')y%u(ks, A) = 2E,dxy, allows us
to reduce the normalization condition (3.67) for the bound state vertex function for three
identical fermions to

133 (%3] (1+2¢Pi2) [¥}) (3.71)
A

where the wave function is related to the vertex function by

|¢1> ~ 1 u(k37 )‘)|F%>
M7 V2Mp Ei, + Ei, + By, — Mp
This correspondence will be developed in greater detail elsewhere. Here we only wish to

emphasize that the covariant normalization condition (3.67) reduces to the expected non-
relativistic limit.

(3.72)

IV. CONCLUSION

The principal results of this paper are the derivation of the normalization conditions
(3.24) and (3.53) for the three-body BS vertex functions, and (3.67) for the three-body
Gross vertex functions. These results are new.

In the course of deriving these results we also showed that the normalization condition
for the two-body Gross equation is identical to the requirement that the charge of a bound
state be equal to sum of the charges of its constituents. Since we derived the normalization
condition without any reference to the charge, this is equivalent to a proof that charge is
automatically conserved by the spectator theory. This result has been used in previous work
[9], but the proof is new. A similar proof should be possible for the three body system, and
will be presented in a subsequent paper [13].
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APPENDIX: FEYNMAN RULES

In this paper, we use the Feynman rules as given in [15].

The variation from the usual field theoretical practice is with regard to the normalization
of the symmetrized two- and three-body scattering matrices M and T'. The practice in most
field theory texts is to use an unnormalized symmetrization operator and to include all
information about the symmetry of the scattering process in an overall phase space factor.
Here we choose to use normalized symmetrization operators A, for the two-body case and
As for the three-body case, as defined by (3.16). This results in integral equations for the
scattering amplitudes which are consistently of the form of the nonrelativistic Lippmann-
Schwinger equations and preserves the nonrelativistic normalization of the wave functions.
Any matrix element that involves an occurrence of the symmetrized scattering matrices as
used here can be used in the usual expression for cross sections by making the substitutions

M — 2M and T — 6T.
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FIGURE CAPTIONS

Figure 1: Diagrammatic representation of the two-body BS equation for the scattering
matrix.

Figure 2: Diagrammatic representation of the symmetrized kernel.

Figure 3: Diagrammatic representation of the two-body Gross equation for the scattering
matrix. The x on the line for particle 1 indicates that it is on shell.

Figure 4: Diagrammatic representation of the symmetrized kernel for Gross equation.
As in Fig. 3, the x indicates that the particle is on shell.

Figure 5: Diagrammatic representation of the normalization condition for the two-body
Gross vertex function. The dashed line represents the derivative 9/9dP?%, and the x means
that the particle is on shell.

Figure 6: Diagrams which contribute to the electromagnetic charge of the two body
bound state.

Figure 7: Location in the pjo complex plane of the 6 poles from the three nucleon
propagators in Eq. (2.34). The last two terms in Eq. (2.33) emerge if the integral of p;o over
the contour C enclosing the poles 3a and 1la is evaluated using the residue theorem.

Figure 8: Diagrammatic representation of the Faddeev equations for the amplitudes 7.
Note that the spectator is identified by the solid dot.

Figure 9: Diagrammatic representation of the Gross equation for the amplitude 7.
On-shell particles are labeled with an x. The final state particles emerge from the left side
of each diagram, and putting the final state spectator on-shell consistently automatically
forces a second particle in the final state to be on-shell. In this way two particles are always
on-shell.
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